A RIESZ REPRESENTATION THEOREM IN THE
SETTING OF LOCALLY CONVEX SPACES(%)

BY
ROBERT K. GOODRICH

Introduction. Let H be a compact Hausdorff space, let £ and F be locally
convex topological vector spaces over the real or complex field where Fis Hausdorff.
Let C(H, E) be the space of continuous functions from H into E with the topology
of uniform convergence. The general problem is to find an integral representation
theorem for a continuous linear transformation T from C(H, E) into F.

The well-known Riesz representation theorem [3] gives a Stieltjes integral repre-
sentation for 7 when H is a closed interval and E and F are the real numbers.
Tucker [6] gives a Stieltjes’ integral type representation for T in the case of H, a
closed interval, and E and F, linear normed spaces. This paper was generalized by
Uherka [7] to the case of H, a compact space, and E and F, linear normed spaces.
Also see Swong’s paper [5] in which H is a compact Hausdorff space and E and
F are locally convex topological vector spaces. This last paper takes a funda-
mentally different approach from that of Tucker and Uherka, and Swong writes
y'T as an integral where )’ is in the topological dual F’ of F. However, Swong is
able to write T as an integral under various additional assumptions on E, F or T.
The approach taken in this paper more closely follows that of Tucker and Uherka
where a much smaller class of sets is employed in the definition of integral. The
result is that the integral converges in the £°° topology, as compared to the weak
topology in Swong’s paper. And T is written as an integral.

1. Notation and preliminaries. Let C(H, E) be the continuous functions from
H into E, where the topology for C(H, E) is generated by the seminorms {p} where
p(f)=sup.x p(f(2)) as p ranges over the continuous seminorms on E. Let L(E, F)
be the space of continuous linear transformations of E into F, with the topology
given by the seminorms {g™}, where for each continuous seminorm g on F and
each bounded subset M of E and each u in L(E, F), g™(u) =sup,ey q(u(x)). Let
C(H) be the continuous functions from H into our field, which is either the complex
or real number field, with the usual supremum norm. We denote this norm | f|
for fin C(H). If q is any continuous seminorm on F let the “g-unit ball” be
denoted by B, i.e. the set of all y in E such that g(y) <1, and let B be the polar
of B, i.e. the set of all y in F’, such that |[<y, y'>| £1 for every y in B,.
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Suppose G is a locally convex topological space which is also Hausdorff. Let
G’ be the topological dual of G under the B(G’, G) topology, i.e. the topology of
uniform convergence on weakly bounded subsets of G, which is the polar topology
generated by the weakly bounded subsets of G. Let G” be the dual of G’ under the
€% topology, i.e. the topology of uniform convergence on equicontinuous subsets
of G'. (See [4, p. 71].) We note that the £°° topology is generated by the seminorms

q*(g") = sup [<g", g"l,
g’eBg
and that if g € G, ¢*(g)=¢q(g). The weak topology ¢(G’, G) on G’ is the topology
of uniform convergence on finite subsets of G. These various topologies are dis-
cussed in [4].

Both Tucker [6] and Uherka [7] made use of what they called the weak sequential
extension of G, denoted by G*. G* is the set of all g” in G” such that there exists a
sequence {g,} in G such that (g", g’>=Ilim {g,, g’> for every g’ in G'. We denote
this by g”"~{g,}. We note that G* is a linear subspace of G”, and we take the
topology induced by £°° for the topology of G*.

We shall also make use of some notation used in Swong’s paper [5]. When we
say ““there exists a pairing (p, q) such that...”” we shall mean “for each such
continuous seminorm g on F there exists a continuous seminorm p on E such that
...”. For example, a linear transformation u from E to F is continuous if and
only if there exists a pairing (p, g) such that g is bounded on u(B,). Also, T is
continuous if and only if there exists a pairing (p, g) such that

IT|,-q = sup {gT(f), p(f) < 1}

exists where p(f)=supy pf(t), and whenever |T|,_, exists, we say T is p—q
related.
We say that y’ € G’ is g-related when |y’|,=sup,cs, [<y, y">| exists.

2. The mapping J. Recall that T is a continuous linear transformation of
C(H, E) into F. We shall define the mapping J by J(f)(x)=T(f-x) where f is in
C(H) and x is in E, and (f-x)(t)=f(¢)x for every ¢ in H. We notice that J maps
C(H) continuously into L(E, F). The main purpose of this section is to, in some
sense, extend J to operate on the characteristic functions of a certain class of subsets
R of H. This will be accomplished by noting that the bitranspose J” of J maps
C*(H) into L*(E, F), and we shall show that the characteristic functions of sets
in R are imbedded in a natural way in C*(H). It will further be shown that there
is a natural linear mapping 6 of L*(E, F) into ['(E, F*), the class of linear trans-
formation of E into F*. A set function K will be defined on R by K(e)=0J"(xs)
where y, is the characteristic function of e and e is in R. It is with respect to this set
function K that we will define our integral. The proofs of the propositions and
lemmas in this section will be omitted as they are either immediate or similar to
those in [6].
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PROPOSITION 2.1. J is a continuous linear transformation of C(H) into L(E, F )

PROPOSITION 2.2. The bitranspose J" of J maps C*(H) into L*(E, F), and in
Jact if f* ~{fu}, then J"(f") ~{J(fo)}.

DEerINITION 2.1. We say the sequence {x,} in the locally convex topological
Hausdorff space G converges weakly if lim {x,, x") exists for every x’ in G'.

LeMMA 2.1. If {x,} converges weakly then there exists a unique x" in G* such that
x" ~{xp}.

PROPOSITION 2.3. There exists a linear mapping 0 of L*(E, F) into I'(E, F*)
such that if u" ~{u,} then 0u")(x)~ {u,(x)}.

DEFINITION 2.2. R is the collection of subsets e of H such that there exists a
sequence ¢, =1, —g, where: (1) f, and g, are in C(H), (2) f, and g, are nonnegative
and nonincreasing in n, and (3) ¢,(¢) converges to x.(¢) for each ¢ in H where y,
is the characteristic function of e, i.e. x.(¢) is zero for ¢ not in e and is one otherwise.

Uherka [7, Lemma 6.1, p. 21] shows R is a ring, i.e. R is closed under finite
unions, finite intersections, and differences. Also @ (the empty set) and H are in
R. Also if e is a closed G, i.e. a closed set that is the intersection of a countable
number of open sets, or if e is the difference of two closed G,’s, then e is in R. By
[7, Theorem 3.3, p. 10], if e is in R and ¢, and ¢, are any two sequences satisfying
the conditions of Definition 2.2 above, then lim {¢,, f'>, lim {¢,, f'> exist and are
equal for every f in C'(H). But then by Lemma 2.1 above, there exists an element
xo of C*(H) such that x;~{¢,}. We see also that y;~{¢,} for any sequence {¢;}
satisfying the conditions of Definition 2.2.

DEFINITION 2.3. The set function K is defined on R by K(e)=0-J"(xs)-

Thus we see K maps R into I'(E, F*).

LEMMA 2.2. K is finitely additive.

3. Partitions and the set function X. In this section we shall develop some
properties of our set function K, and we shall define several notions of partition
which will be used in defining our integral and in proving the representation
theorem. The various definitions of partition are the same as Uherka [7] defined
them.

DErFINITION 3.1. If ¢; is in R for i=1,...,n where the e; are disjoint, and if
e, U---U e,=H, then we call P={e,, e,, .. ., e,} a partition of H.

DEFINITION 3.2. Suppose P={e,, .. ., e,} is a partition of H, and p is a continuous
seminorm on E. Then P is an e—p partition of H with respect to f means that for
each i (1£i=n) and for each pair x, x" in f(e;), p(x—x) Se.

DEFINITION 3.3. The partition P={e,, .. ., e,} is called an essential partition of
Hifand onlyife, U---U ¢ is a closed G, fori=1, ..., n, and each e; is nonempty.

DEerINITION 3.4. If the essential partition P is also an ¢—p partition of H with
respect to fthen we say P is an ¢—p essential partition of H with respect to f.
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DEeriNITION 3.5. If U={U,, ..., U,} is a finite open covering of H, then a set of
functions {¢1, . . ., #,} is called a partition of unity subordinate to Uiffori=1,...,n
() ;e C(H),(2)0=¢,=1,(3) di(t)=0for tnotin U;, and (4) ¢;(t)+ - - - +(t)=1
for every ¢ in H. ‘

The following lemma is proved in [7, Theorem 7.1, p. 28].

LEMMA 3.1. If P={e,, e,, . . ., e,} is an essential partition of H, then there exists a
sequence {U,}={U,, ..., Ux} of open coverings of H and a sequence {¢y1, . . ., brn}
where {¢.1, ..., Pxn} is a partition of unity subordinate to U, (k=1,2,...), and
1) eyu---veclUy, i=1,...,n, k=1,2,..., (2) for i=1,...,n, {$n} is the
difference of two nonmincreasing, nonnegative sequences in C(H), (3) for each i,
limy dyi(t) =xe,(t) for all t in H.

LemMMA 3.2. If fe C(H, E) and ¢>0 and p is a continuous seminorm on E, then
there exists an — p essential partition of H with respect to f.

Proof. Since H is compact and fis continuous f(H) is compact. So f(H) can be
covered with a finite collection U,, U,,..., U, where U;={x: p(x—x;)<e¢/2,
x; € f(H)}. Without loss of generality we can assume that no U; N f(H) is contained
in the union of the remaining U;’s, for this can be achieved by taking a sub-
collection of U, ..., U,. Each U, is a closed G, for U, is closed, and U;=( C,
where C,={x : p(x—x,)<e/2+1/n}, and each C, is open. Let 4;=f"(U)). f is
continuous and U; is closed, so A4; is closed. Also A;=f"YU)=f"*N C,)
=N f"XC,) and each f~}(C,) is open, so 4; is a closed G,. Now let e;=4,,
e=A;—(A, V-V A;_),i=2,...,n.U---Ue=A4;U---U 4, whichis the finite
union of closed G,’s, and hence is a closed G;. Checking the other conditions we see
P={e,,..., e,}is an e—p essential partition of H with respect to f.

DEerINITION 3.6. If W is a finitely additive set function from R into ['(E, F*),
then we say W is of bounded (p, g*) variation if there exists a pairing (p, ) and
W,_q.+ 20 such that if P={e,, ..., e,} is any essential partition and x,, .. ., x, are
in E then ¢* (3 W(e) - x;) < W,_,+ max p(x;). Denote by V(W),_,+ the greatest
lower bound of all such W,_,+.

PROPOSITION 3.1. The set function K is of bounded (p —q *)-variation, and for each
pair (p, q) such that T is p—q related, we have that V(K),_,+ =|T|,-,

Proof. Suppose P={e,, ..., e,} is an essential partition of H. From Lemma 3.1,
there exists a sequence {é,,, . . ., ¢,y Oof partitions of unity subordinate to some
open coverings U, for each k such that lim, ¢,,(t)=x.(¢) for every ¢, and each
{$.i} is the difference of sequences satisfying the conditions in Definition 2.2,
therefore x;, ~{$x:}. Thus ¢*(Z K(e:)-x))=¢* (2 0J"(xe,)- ;). Since e, ~{¢}, then
J"(xe,) ~{J($:)} by Proposition 2.2. Also 6J"(x,) - x;~{J(¢x:)- x;} by Proposition 2.3.
But J(¢,;) - x; = T(¢y;x;) by definition. Thus

q* (2, 0J"(xz,)- x;) = sup {li}{n

<:Z T(¢ii* x1), )">\a Ve Bf}'
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But
sup {|<KT(f), ¥, ¥ € BY} = qT(f) < |T|,-op(f)

for some continuous seminorm p on E. Thus [KT(f), y'>| £|T|,-.p(f) for every
v € B?. So

(b <ol s )| ¢ e

for every ' € B but
|T|r-q1’(z ¢ki’xi) = |T|,-q nt“}iXP(z ¢Ici(t)'xi)
i € i

STy max Z bii()p(x:)

< [T-o( max 3 4u(0)) max pix)

But 3; ¢,:(2)=1 for every ¢t € H. Thus ¢* (3, K(e,)x;) = |T|,-, max p(x;). Thus K is
of bounded p—g* variation, and V(K),_,+ <|T|,-, We have the following
corollary:

COROLLARY 3.1. Ife=e, —e, where e, and e, are closed Gy’s, then K(e) € L(E, F*);
and if T is p—q related, K(e) is p—q* related and |K(e)|,-.* £|T|,-, where
|K(e)|,-q+ is the p—q* norm of K(e) in L(E, F*).

DEFINITION 3.7. If fis a mapping of H into E and W is an additive set function of
R into T'(E, F*), then we say f is integrable with respect to W if the following
holds: there exists a y” € F” such that if g* is given, where ¢ is any continuous
seminorm on F, and ¢>0 is given, then there exists an essential partition P, such
that if P={e,, ..., e,} is any essential partition which is a refinement of P,, then
q*(y"—>r, W(e)- x;)<e for any choice x; € f(e;). In this case we denote y” by
| awf.

We shall not only show that | dKf exists for every fe C(H, E) but that T(f)
=[ dK(f). We shall also show that if T is p—gq related, then K is of bounded
p—q* variation and |T|,_,= V(K),-.+. The rest of this section develops lemmas
leading to this result.

PROPOSITION 3.2. Let P,={ey,..., e,}, Px={E,, ..., E,} be two ¢—p essential
partitions of H with respect to f, where f maps H into E. Suppose that x, € f(e;),
i=1,...,n, and y,e f(E)), j=1,2,...,m. Then, if W is finitely additive and is of
p—q" bounded variation,

q+(§o W(e) x;— 2 W(E))- yj) < V(W),_ o+ (20).
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Pl’oof. Let Sij=ei N Ej. Then Slls S21,. . .,Snl,. . .,Slz,. . .,Sn2,. . "Slm" . .,Snm
is an essential partition of H if we disregard any empty sets. But e;= 7., (¢; N E)),
sO

m

W(e) = > W(e, N E),

ji=1
n n m
z Wie)-x; = z W(e, N E)-x,,
=1 i=17=1

and similarly
> WE)y,=> > WeNE)-y,
i=1 i=1i=1

(Here we have interchanged the order of summation.) Thus

0| 3 Wy xi- 3 WE)-y| = 0|3, 5w

But if e; N E;= &, then W(S;;)=0; thus we may replace x;—y, in such terms by
zero. But if e; N E, is not empty then p(x;—y;) < 2e; thus since W is of bounded
p—q* variation we have

0" 3 3 WS-y S VW), (20

PRroPOSITION 3.3. Suppose fe C(H, E), >0, and p, a continuous seminorm on E,
are given, then there exists an ¢—p essential partition P={e,, ..., e,} of H with
respect to f and a sequence of partitions of unity {¢yy, ..., ben}, k=1,2,..., sub-
ordinate to some open coverings U, of H such that the following conditions are
satisfied for each i=1,2,...,n: (1) the sequence {¢,;} is nonnegative and is the
difference of two nonincreasing, nonnegative sequences in C(H), (2) for each t € H,
limy, () =xe,(t), (3) pP(f—21=1 bui-¥i) S2e for all k and for any choice of the
points y; € f(e)).

Proof. Let Uy, ..., U, be the subsets of E as defined in the proof of Lemma 3.2,
and let 4;=f"Y(U)), ,=4;—(4; V- --U A;_,) for 2<i<n, and e, = A4,. As we saw
in the proof of Lemma 3.2, 4; is a closed Gs. Let Oy = xyev, {x : p(x—xo) <ef2k}
and let U;=f"%(0,;). Then U;=(\, Os. So

Ay = f~X(U) =f‘1(Q Oki) = (Df_l(ok() = Q Ui

For each i, there exists a nonincreasing sequence of functions h, (k=1,2,...)
in C(H) such that 0=<h,(¢)<1 for all € H and all k, h(t)=1if t € A;, h(t)=0
for all k if ¢ is not in Uy, and lim,, A, () = x,,(¢) for each ¢ € H. See [7, Lemma 6.1,
p. 18]. Now let

br1 = Py, brz = Mg —min (hys, b11),

Fin = Bgn—min (A, Sie1+ -+ - +bie.n-1)-
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(1) ¢, is the difference of the two nonnegative, nondecreasing sequences in C(H),
and ¢, + - - - + ¢, is nonnegative and nonincreasing in C(H) for i=1, ... ,n.

(2) Foreach i, ¢,;(t)=0if tis notin Uy (k=1, 2,...). (3) For each i, lim, ¢,(t)
=xe,(¢)foralltin H. (4) ¢,.1(1)+ - - - +i(t)=1fortine, U---U e fori=1,...,n

The above statements follow easily from induction arguments.

Next suppose ¢ € H and consider p(f(t)— >r-; ¢xi(2)-y;), where y; € f(e;). Since
te H, t e, for somej, and e; < 4; < Uy, so f(¢) € f(Uy,). If Uy; n U, is not empty,
then f(Uy;) N f(Uy) is not empty. But f(U,;)<=O0,; and diam p(O,;) £ 2e. That is,
if x, x" € Oy, p(x—x")<2e for i=1, .., n. Suppose t € Uy, then f(t) € f(U,;) and
x; € fle))<f(Uy), thus p(f(t)—x;)<2e. Let Y’ denote the summation over all i
such that 7 € U,;. But if ¢ is not in Uy, then ¢,,(¢)=0. Thus

p(F0- 3 4u013) = o(FO-3 bu0)-32)
=p(f) D $®)— D hat)r)

because {¢y1, ..., drn} is a partition of unity subordinate to {Uy, ..., Uk}, SO

2 éui(?)=1. But
P ) =2 $u®)s) = P bup(f0)=11) S 2 ba()2e = 2e.
Thus p(f— 371 éui- yi) <2 for all k and any choice of y; € f(e;).

4. The representation theorem. In this section we shall prove the representation
theorem stated in the last section.

LemMa 4.1. If fe C(H, E), then given q*, where q is a continuous seminorm on F,
then there exists a continuous seminorm p on E such that if d>0 is given, then there
exists a 8(d, q*, p) such that if 0<e<8(d,q*, p), then g*(T(f)—>'-1 K(e)) - x;)<d
for any e—p essential partition P={e,, . . ., e,} and any choice x; € f(e;).

Proof. Suppose g is given, then there exists a continuous seminorm p on E
such that T is p—q related. Now pick a sequence ¢, >0 converging monotonically
to zero. From Proposition 3.3 we know that for each n there exists an ¢,—p
essential partition P,={e%, ..., e, } of H with respect to f and a sequence of
partitions of unity {¢2, . . ., $&.m} such that, for i=1, 2, ..., r(n), X;n~{$s}, and
p(f—>1™ ¢n,-xF)<2e, for any choice of the points xi € f(e}'), and for all m,
Xep~{dni} so J"(eep) ~{J (¢}, but since ¢n; € C(H, E), J"($n)=J($ni). Then
K(e)- x2 ~{J(@n)x1} and J(#h) xp =T($h- x;). Thus

sup lim
y'eBy ™

/T __r(n)Tn-’l ,‘
\ 03] iZI b xs,y>

(ol o))

(10~ (Z) ke

sup lim
v'eB ™
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But gT(h) < |T|, - .p(h) for every he C(H, E). But
gT(h) = sup [KT(h), ¥,

y’eBg

hence if y' € B, |[<T(h), y>| £qT(h) < |T|,-.p(h). Hence if y' € B?,

(rls=Z5es) )

for every m. Thus

r(n)

< ITlp-q(f— > ¢,zi-x:') < |28,
i=1

<T(f— :Zn:¢;,-x?),y’>| S |T|p-q26n

for every y' € B?. Hence

lim
m

r(n)
q*(T(f)—- > K(e;‘)~x:‘) < |T,- o260
i=1

Suppose d>0 is given. Choose n such that 4e,|T|,_,<d. Let 8(q*, d, p)=e,.
Suppose 0<e<d(q*, d, p). If P={e,, ey, .. ., €} is any e—p essential partition of
H with respect to f. It follows that P is an e, — p essential partition of H with respect
to fsince e < e,. Suppose x; € ¢;, then

7*(10)- 5 Keyw) = 4 (100- 3 Keen-si)

(n)

+q* ( ‘Zl K(ep)-xp— Z K(e)- x,)

s ITIp—q28n+|T|p—q2e’”

where this last inequality follows from Proposition 3.2. Thus
k
q*(T(f)— > K(ei)-xi) <d
i=1

PROPOSITION 4.1. If T is a continuous linear transformation from C(H, E) into F,
then there exists a set function K from R into T'(E, F*) such that | dKf exists for all
fe€ C(H, E), and T(f)={ dKf. Further, K is of bounded (p, q*) variation, and if T
is p—q related then V(K), o+ =|T|,-,

Proof. The set function K is defined in Definition 2.3. Given ¢* and d>0, we
know by Lemma 4.1, that there exists a continuous seminorm p on E and a
8(q*, d, p)>0 such that if P={e,, ... ,e.} is any ¢—p essential partition of H with
respect to f, where 0<e<8(¢q*, d, p), then

q*(T(f)—(T(f)— 12 K(e,)-x,)) sd
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for any choice of x; € f(e;). Now let Po={E,, ..., E,} be a 8(q*, d, p)—p essential
partition of H with respect to f. (There is one by Lemma 3.2.) If P={e;, ..., e}
is any refinement of P, which is an essential partition, then Pis alsoa 8(g*, d, p)—p
essential partition of H. Hence ¢*(T(f)—>F., K(e;)-x;)<d for any choice of
x; € f(e;). Thus [ dKf exists and T(f)= | dKf. Now suppose T is p—q related, then
V(K)p_q+ £|T|,-, by Proposition 3.1. But

9T = ¢ [dkf = g*( [ dkr) < VEDy- 00 p(1)
since
7* (2 K(e)-x;) £ V(K)p-q+ max p(x)) £ V(K), -+ p(f)

for any choice of x;€f(e) and any essential partition P={e;, ..., e,}. Thus
IT|p-a=V(K)p-q* -

Another question one might ask is, when does a set function which is of bounded
(p, q*) variation generate a continuous linear transformation of C(H, E) into F?
One could perhaps add conditions on the set function K or add conditions on the
space F to give various answers to this question. Toward this goal we prove

PROPOSITION 4.2. If K is an additive set function from R into I'(E, F) and K is of
bounded (p, q) variation, and if F is quasi-complete, i.e., a space in which every closed
and bounded set is complete, then | dKf exists for every fe C(H, E), and T(f)= [ dKf
defines a continuous linear transformation from C(H, E) into F.

Proof. Let A(Po)={>"-, K(e;)- x;, where x; € f(e;), P={es, .. ., €4}, and P is any
essential partition which is a refinement of the essential partition Po}. If P, and P,
are two essential partitions then there exists an essential partition P; which is a
refinement of both P, and P,. (See the first part of the proof of Proposition 3.2.)
We see that A(P3)< A(P,) N A(P,). Thus the collection {4(P,)} forms a filter base,
see [4, p. 56). It is a Cauchy filter base, for if £>0 and p, a continuous seminorm on
E, are given, then by Lemma 3.2 there exists an e—p essential partition P, of H
with respect to f. If P is any refinement of P,, P is an ¢ — p essential partition of H.
Considering the proof of Proposition 3.2, we note that if K is of bounded (p—¢q)
variation and K(®)=0, which follows from the additivity of K, then A(P,) is of p
diameter < V(K),_,(2¢). Thus {4(P)} is a Cauchy filter base. Also if we consider
A=J A(P), where the union is over the essential partitions P of H, then 4 is
bounded. For

q(il K(e,‘)-x,) < V(K),-gmax p(x;) £ V(K),-op(f),

where x; € f(e;) and p={e,, . . ., e,} is an essential partition of H. Thus 4 is bounded.
But a quasi-complete space is defined to be a space in which closed bounded sets
are complete. Thus [ dKfexists. Here we use the fact that F is Hausdorff to assume
the uniqueness of the limit. The linearity follows trivially. T(f) = [ dKfis continuous,
for from the last inequality above we have gT(f)=4q( [ dKf) £ V(K)p - op(f).
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The converse of this theorem is false. See [6] where an example is given where
E and F are Banach spaces and any such K has values in L(E, F*) but not in
L(E, F).

PROPOSITION 4.3. If F is semireflexive, then T is a continuous linear transformation
of C(H, E) into F if and only if there exists an additive set function K from R into
U(E, F) such that K is of bounded (p, q) variation and T(f)= [ dKf.

Proof. A semireflexive space is a space such that F"=F (see [4, p. 72]). It is
known [2, Theorem 20.2, p. 190] that a semireflexive space is quasi-complete. Thus
if K is an additive set function from R into I'(E, F) which is of bounded (p—q)
variation, then by Proposition 4.2, T(f)= f dKf defines a continuous linear trans-
formation of C(H, E) into F. Next suppose T is a continuous linear transformation
of C(H, E) into F. By Proposition 4.1 there exists an additive set function K from
R into T(E, F*) of bounded (p,g*) variation such that T(f)=[dKf. But
F'>F*>F=F", hence F*=F, and K is an additive set function from R into
I'(E, F). K is of bounded (p—gq) variation, since q agrees with g* on F, and K is
of bounded (p—g™) variation.

S. Concerning the ring R. One might ask how the ring R is related to R(S),
where S is the collection of all compact G,’s of H and R(S) is the ring generated by
S. The answer to this question is given in the following proposition.

PROPOSITION 5.1. R=R(S).

Proof. By straightforward arguments one has o(S)> R> R(S), where o(S) is the
o-ring generated by S.

Suppose now that A € R. We define the sequence ®, of sets by induction. Let
®,=cl (cl (4) N c (A)), where cl (B) denotes the closure of B and ¢ (B) denotes the
complement of B for any subset B of H. Define ®,=cl (cl (®,_; N A) N C (4)).
Let ¢,=f,—g, where ¢,, f,, and g, are sequences of functions satisfying the
conditions of Definition 2.2. Let f=lim f; and g=1im g,. Then, using the fact that
fand g are upper-semicontinuous, one can show by induction that f(x) Zn+1, and
g(x)=n+1forall x € ®,. We see then that for 4 € R, ®, is empty for large enough .

We next define the mapping ¥ of the subsets of H into the subsets of H by
Y¥(B)=cl (B) N c (B). By elementary set calculations and by induction, we have
¥2(4)=(D,_, N A). We thus see that if 4 is in R, ¥*(4) is empty for large
enough n.

We now refer to the proof of [1, Theorem D, p. 221], and by imitating this proof,
we construct a continuous function F from H onto a compact metric space H’
with the important property that if F(x)=F(y) and x € A then y € 4. Now using
this fact and the identities ¥'2"(A4)=cl (¥2"~1(4)) N 4 and ¥2"*1(4)=cl (¥'2"(4))
N ¢ (4), we have by induction ¥*(F(A4)) < F(¥"(A)).

Let B=F(A). B=cl (B) N c (¥(B)), and so if ¥'(B) is in R’, the ring generated
by the compact subsets of H', then B is in R’. By replacing B by ¥(B) in the
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above argument one sees that ¥(B) e R’ if ¥%(B) € R’; and a trivial induction
argument shows that if ¥"(B) € R’ for any n, then B € R’. But this is the case as
¥*(B) is empty for large enough n. Since H' is a metric space R(S)=R’, and for
this particular function F, A=F~(B). But inverse images of elements of S in
H’ are in S in H; and the collection of all subsets C of H’, for which F~1(C)
is in R(S) in H, is itself a ring; and so 4 € R(S) in H. Hence R=R(S) in H.

Note. We have developed a simple test to determine when a set 4 is in R(S).
If A € o(S) then 4 € R(S) if and only if ¥*(4) is empty for large enough ».

6. Concerning the uniqueness of the set function K. For the sake of simplicity
we now restrict our attention to the case when our field is the real numbers. Similar
type theorems with similar proofs hold in the complex case.

DErFINITION 6.1. If A is a real valued nonnegative additive set function on R,
then we say A is continuous from above provided that A(c)=1lim A(c,) whenever ¢,
is a sequence of elements of S such that ¢,,;<¢, and (N ¢,=c.

DEFINITION 6.2. If Wis an additive set function from R into I'(E, F*) of bounded
p—q* variation, then we say W is weakly continuous from above provided that
for each x € E and y’ € F', |A| is continuous from above, where |A]| is the variation
of the set function A defined by A(e)=<{W(e)-x, y'>. We define |A|(e)=2, |A(e N ¢)|
where the supremum is taken over all essential partitions {e, es,. . .,e,} of H. One
can show |A] is an additive set function on R.

DEFINITION 6.3. If X is an additive real valued set function on R, then we say A
is sequentially continuous provided that for each e in R, A(e)=lim f dA¢, for any
sequence ¢, satisfying the conditions of Definition 2.2.

LEMMA 6.1. If X is an additive real valued set function of bounded variation, then
A is sequentially continuous if and only if |A| is continuous from above.

Proof. First let us suppose |A| is continuous from above. |A|=A, +A_ where
A.=(A|—X)/2. A, and A_ are nonnegative additive set functions on R, and

[Al(en) = [Al(e) 2 As(e)—=As(e) 2 0,

so A, and A_ are continuous from above.

We will now show A, is sequentially continuous. Let us suppose ¢ € S. By
[1, Theorem 6, p. 217] there exists a nonnegative continuous function f such that
c={x| f(x)=0}. Let c,={x | f(x) £ 1/n}, O,={x | f(x) < 1/n}. Now pick a sequence
of continuous functions f, such that 0=f,<1; f,=1 on ¢,; f, is zero outside of
0,-, and f, is monotonically nonincreasing. A.(c)=< [ dA, fo=Xcn-1), 50 A.(c)
=lim [ dA, f;, and since we know the limit is independent of ¢, we have
Ai(c)=Ilim [ dX, 4, for any sequence ¢, satisfying the conditions of Definition 2.2.
To see why A, is sequentially continuous for all of R, recall that R= R(S) and note
that by [1, Theorem F, p. 223] every element of R(S) is the finite disjoint union of
proper differences of elements of S. By a similar argument, A_ is sequentially
continuous, and since A=A, —A_, we see A is sequentially continuous.
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Next let us suppose A is sequentially continuous and of bounded variation. Let
h(f)=[ dXf, then he (c(H))'; and it is well known that there exist elements /,
and A, of (c¢(H))' for which A=h, —h;, and h(f)=0 whenever f=0 for i=1, 2.
But by Proposition 4.1, we know there exist additive set functions A, and A, that
are sequentially continuous for which &,(f)=[ dA,f for all fe (H) and i=1, 2, and
since A, A;, and A, are all sequentially continuous we have A=2A; —A,. Also by
using [1, Theorem F, p. 223] one can show that A; and A, are nonnegative on R.

We will now show A; is continuous from above. Suppose ¢=(") ¢, where ¢, is a
monotone nonincreasing sequence in S, i.e. ¢, .; <¢,. Pick a sequence of open sets
0, such that O,; is monotone nonincreasing in » and in i and such that (); O,;=c,.
Now pick a sequence of continuous functions f, for which 0=f, <1, f,=1o0n ¢,
and f, is zero outside of O,, and such that f, is monotonically nonincreasing.
M) = M(c) = f dXy fr, 50 A(€)=1lim A;(c,). A similar argument holds for A .

0= I"'(cn) - |A](cn) = [AI(cn— C) p-3 )‘l(cn) - Al(c)'l' A2(Cn) - )‘2(0),
so || is continuous from above.

PROPOSITION 6.1. There is one and only one additive set function K of bounded
p—q* variation on R that is weakly continuous from above for which T(f)=[ dKf
for all fin C(H, E).

Proof. Consider the set function K defined in Definition 2.3.

Ae) = <K(e)-x,y"> = lim {T($n-x), ¥

= lim < f dKp,x, y’> — lim f A,

for any sequence ¢, satisfying the conditions of Definition 2.2, thus A is sequentially
continuous and, by Lemma 6.1, K is weakly additive from above.

Suppose K is any other such set function, then A;(c) =<K;(c)- x, y"> is sequentially
continuous and so if ¢, is a sequence satisfying the conditions of Definition 2.2,

K(©)%, > = 1(e) = lim [ g, = lim < [axsgu), y'>

= lim {T(¢.-x), y'> = <K(c)-x, ).

But this is true for all x in E, all ¢ in R, and all y’ in F’, so K; =K.
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